Gaussian multipartite bound information 
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We show the existence of Gaussian multipartite bound information which is a classical analog 
of Gaussian multipartite bound entanglement. We construct a tripartite Gaussian distribution 
from which no secret key can be distilled between any two parties yet it cannot be created by 
local operations and public communication. This demonstrates a close link between entanglement 
and secrecy in the domain of random Gaussian continuous variables and underlines the ability of 
quantum mechanics to develop concepts of classical information theory. 
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Quantum entanglement is a fundamental concept of 
quantum information theory. There are two types of en- 
tanglement; free entanglement and bound entanglement 
Free entanglement can be distilled Q by local oper- 
ations and classical communication into maximal entan- 
glement, and so is a perfect resource for quantum com- 
munication. Bound entanglement, on the other hand, 
is nondistillable and hence useless for standard quantum 
communication. Nevertheless, it can be activated [3| and 
renders a secret key 

Remarkably, quantum entanglement allows for the so- 
lution of classical problems which stems from its close 
relationship with secret classical correlations [5|. These 
correlations are related to the scenario in which two 
honest parties, Alice and Bob, and an adversary Eve, 
share independent realizations of three random variables 
A, B and E, characterized by the probability distribution 
P (A, B, E). The distribution contains secret correlations 
if it cannot be distributed by local operations and pub- 
lic communication (LOPC). As with entanglement, Al- 
ice and Bob can sometimes distill secret correlations by 
LOPC to a secret key, i.e., a common string of random 
bits about which Eve has practically no information. The 
distillable secret correlations resemble free entanglement. 
It is thus natural to ask whether there are also nondistill- 
able secret correlations, referred to as bound information, 
that act as a classical analogue to bound entanglement 
@. So far, bipartite distributions have been found con- 
taining bound information only in the asymptotic limit 
0, but surprisingly, an example of tripartite bound in- 
formation was derived in Q , demonstrating the ability of 
quantum mechanics to solve an open classical problem. 

The example of a distribution carrying the tripartite 
bound information of Ref. [8| was constructed in the con- 
text of discrete random variables. It was obtained as a 
distribution of outcomes of a measurement performed on 
a purification of a specific bound entangled state of three 
two- level systems (qubits). The key step, a proof of the 
presence of bound information, crucially relied on the 
utilization of the concept of intrinsic information Q . 

In this paper we analyze the concept of bound infor- 
mation within the framework of random Gaussian con- 



tinuous variables. Specifically, we construct an exam- 
ple of tripartite Gaussian bound information, that is, a 
Gaussian distribution P(A, B, C, E) shared by three hon- 
est parties Alice, Bob and Clare, and an adversary Eve, 
from which any pair of honest parties cannot distill a 
secret key, even if they can collaborate with the third 
party, and yet the distribution cannot be distributed by 
LOP C flCl . By using powerful Gaussian separability cri- 
teria [ill. Il2j| we explicitly decompose the distribution 
into LOPC with respect to relevant bipartitions which 
enables us to prove the presence of Gaussian bound in- 
formation without using the concept of intrinsic infor- 
mation. This also allows to get a deeper insight into the 
structure of the correlations underlying the phenomenon 
of Gaussian multipartite bound information. 

We consider Gaussian states of quantum systems with 
infinite-dimensional Hilbert state spaces such as modes 
of an electromagnetic field. N modes are described 
by N pairs of canonically conjugate position and mo- 
mentum quadrature operators, labeled by Xj and pj, 
j = 1,2, ... ,N, respectively, satisfying the canonical 
commutation rules [xj,pk] = iSjk- A-mode quantum 
states can be described by the Wigner function of 2N 
real variables and Gaussian states are states with a Gaus- 
sian Wigner function. Any A^-mode Gaussian state p is 
fully characterized by a real 2A r -dimensional vector £ = 
Tr(p£) of phase-space displacements and by the 2N x 2N 
real symmetric covariance matrix (CM) 7 with elements 
ljk = 2ReTr[p(£ - - &)]> j, k = 1, . . . , 2N, where 

I = (£1, . . . , £n,pi, . . . ,pn) T ■ A Gaussian state can be 
mapped onto a Gaussian distribution by a Gaussian mea- 
surement. The distribution can contain distillable se- 
cret correlations depending on the performed measure- 
ments and on the entanglement properties of the un- 
derlying state. Gaussian entanglement can be verified, 
e.g., by separability criterion A Gaussian distribu- 
tion P (A, B, E) can be distilled to a secret key using the 
method PJ if it holds that 0] 

max (A/jjr, AJrr) > 0, (1) 

where AI DR = I A b - Iae and AI RR = I A b - Ibe are 
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differences of mutual information 15] Iab between Alice 
and Bob and Iae (I be) between Alice (Bob) and Eve. 

The bound entangled state of three qubits used in [8[ 
to construct bound information is separable with respect 
to two of three possible bipartite splittings of the systems 
into two groups which is also a necessary prerequisite for 
entanglement distribution by separable states [Ty| . Here 
we report on the construction of Gaussian bound infor- 
mation using the continuous- variable (CV) analog of the 
latter phenomenon [l7j and the mapping of it onto a clas- 
sical protocol being a CV analog of the discrete protocol 
for secrecy distribution by non-secret correlations [l8j . 
We show that a Gaussian distribution in step 2 of the 
CV classical protocol exhibits nondistillable secret corre- 
lations which give rise to the concept of Gaussian bound 
information. 

We start by recapping the protocol for CV entangle- 
ment distribution by separable states [17| which has three 
steps. In step 1, Alice, Bob and Clare share a fully sep- 
arable state pi with covariance matrix (CM) 



7i 



X® x- 



where x > 0, X — diag (e , 1, e 
(r > is a squeezing parameter), and 



+ xQ, (2) 
2r ) is a diagonal matrix 
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In step 2, Alice mixes modes A and C on a balanced 
beam splitter that transforms the CM © to 
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where a — cosh(2r) + x, b = sinh(2r) — x and c = 1 + 
Ax. For x > x = (e 2r - l)/2 the state with CM g]) is 
entangled across A — (BC) splitting and separable across 
B - (AC) and C - (AB) splitting. 

In the final step 3, Alice sends the separable mode C to 
Bob who mixes it with his mode B on another balanced 
beam splitter transforming the CM (gj) to CM 73. The 
CM of the reduced state pab of modes A and B reads 



i a 2 ~vr 

73,AB — 2x+b i+q 
V V2 2 




(5) 



Setting x — x one can show usingseparability criterion 
based on symplectic eigenvalues [19| that modes A and 
B are entangled. That is, entanglement was distributed 
by sending a separable mode C. 

Applying now a general strategy for the mapping of 
quantum states onto probability distributions [20(, we 
construct the classical analog of the previous protocol 
by mapping a purification \tp) of the state p\ with CM 
@ onto a Gaussian distribution by a suitable Gaussian 
measurement. We construct the purification based on 



the following recipe of preparation of the state p\ from 
a pure product state with CM X ® X^ 1 as given in 
Eq. (J2J. First, Alice prepares her mode A in a momentum 
squeezed vacuum state | + t)a and the auxiliary mode 
C in a position squeezed vacuum state | — r)c, where 
\±r) = exp[±(r/2)(a t2 -a 2 )]|0), while Bob's mode B is 
in a vacuum state |0)s- The participants then displace 
the position quadratures of their modes as 



x B 



x B 



xc — > x 



c 



x c + v/V2, (6) 



and the momentum quadratures as pa — > Pa — u/^/2 and 
Pb — > Pb + u, where the classical displacements u and 
v obey the Gaussian distribution V(u,v) = cxp[— (u 2 + 
v 2 )/ (Ax)]/ (Attx). In this way they prepare fully separable 
state p\. In addition to modes A, _B, C, the purification 
involves two of Eve's modes E±, E2 encoding information 
on variables v and u. It reads as 



|V) = / VP(u,v) 
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where |a;±r) 



exptaa* 



a a) 

\(p) 



± r) is the displaced 
squeezed state and \v) W and \u)^ are the eigenvectors of 
position and momentum quadratures, respectively. The 
state (JTJ) is a proper quantum state normalized to unity 
that satisfies p\ = Tte 1 e 2 (\' 1 P){' 1 P\)- Note also, that the 
state is designed such that it does not contain correlations 
between position and momentum quadratures. 

The purification (J7J is fully characterized by its CM, 

that we get in the form T\ = X\ ® (Xi) -1 where 
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(8) 



with y =1 + ^+ 4^ + %- anc ^ detXi = 1. 

Now we want to associate with the state ([7]) a Gaussian 
distribution III that contains no secret correlations across 
any bipartition of honest parties. The distribution can 
be obtained by measuring position quadratures on all five 
modes of the purification (0 . This gives 



Hi (v) = (O 2 e 



(9) 



where r\ — (xa,xb,xc,xe 1 ,xe 2 ) T is the vector of mea- 
surement outcomes and the classical covariance matrix 
(CCM) Xi is given in Eq. ©. 

The distribution © does not contain secret correla- 
tions across any of the splittings A— (BC), B—(AC) and 
C— (AB). To show this, consider the reduced distribution 
7Ti (t) = exp [— t t (Ci) -1 t] / (7r 2 VdetCi) obtained from 
distribution ^ by throwing away Eve's variable xe 2 - 
Here r = (^jIbjIcIbj) 7, and CCM C\ is obtained 
from CCM {SJ by dropping the last row and column. 
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The reduced distribution can be prepared by LOPC as 
follows. First, say, Alice privately draws two uncorre- 
cted random variables xa and xe x from Gaussian distri- 
butions with variances 2(x 2 A ) = e 2r and 2(x E ) — Ax and 
sends the variable xe 1 through a public channel to Bob 
and Clare. They then privately draw random variables 
xb and xc from Gaussian distributions with variances 



2{x B ) = 1 and 2(x 2 c ) 



-2r 



and all the participants 



perform displacements like in Eq. (|6]), where the quadra- 
ture operators are replaced by the corresponding classical 
variables and the displacement v is replaced by the vari- 
able Xe-i- Calculating the CCM with elements ({r/, rj}}, 

where t' = (xa, x' g , x' c , xe 1 ) T by expressing the primed 
variables using right-hand sides (RHS) of Eq. ^ and av- 
eraging over the distribution with CCM e 2r ©l©e _2r ©4x 
we get CCM C\. That is, the distribution n\ was created 
by LOPC. Consequently, since there are no secret corre- 
lations across any bipartition, even if Eve throws away a 
part of her information, the original distribution (|9]) also 
cannot possess them, which is what we set out to prove. 

An interesting question arises as to whether Eve's vari- 
able Xe 2 can also be obtained as a result of LOPC. Re- 
markably, our analysis indicates that this is not the case. 
Indeed, the only way we found for the honest parties 
to prepare it is to compose it as xe 2 — xa/V% ~ xb ~ 
xe 1 /2 + Xe 2 , where the random variable xe 2 is uncorre- 
cted with the remaining variables and obeys a Gaussian 
distribution with variance 2 (x% 2 ) = 1/(4^)- The variable 
xe 2 contains the difference xa/\2 — xb and therefore, 
in order to reveal to Eve only the variable xe 2 without 
also revealing either of the variables xa or xb, Alice (for 
instance) has to privately communicate her variable to 
Bob, who creates and then publicly announces the vari- 
able xe 2 - Thus, on one hand, the distribution © does 
not contain secret correlations as we would expect be- 
cause it originates from a fully separable state (cf. (2l|). 
On the other hand, however, we would not have expected, 
that private communication between Alice and Bob is 
needed for formation of the variable x e 2 ■ We conjecture 
that this property is not restricted only to this particular 
example but can also be found for some other probabil- 
ity distributions obtained via mapping of non-product 
quantum states. For example, to create the probability 
distribution (8) from the protocol for secrecy distribution 
by non-secret correlations [18j , Alice and Bob have to re- 
veal to Eve the information about their uncorrelated bits 
in cases when the sum of their values is unity. This gives 
us another example, now discrete, of the property that 
we have found for the distribution (|9|) which supports our 
conjecture. 

In step 2 Alice transforms variables xa and xc as 
xa.c ~^ (ia±ic)/\/2. For simplicity we further as- 
sume x = x = (e 2r — l)/2. The distribution © then 
attains the following form: 
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Xn = 



I 


Q 


2x 


b 


2:1: 




25: 


1 + Ax 


-2x 


Ax 




b 


-2x 





-2x 




2x 


Ax 


-2x 


Ax 


V 




-1 - 2x 


^+x 


-25 



-1 - 2x 



-2x 

y 



, (ii) 



where a = cosh(2r) + x,b = sinh(2r) — x and y — 
e 2r (2e 2r -1) / [2 (e 2r -l)]. 

The distribution (|10|) contains bound information 
which is the main result of this paper. Note first, that 
it does not contain secret correlations across B — (AC) 
splitting as it was created by an operation on Alice's 
and Clare's variables which cannot create secret corre- 
lations with Bob. Moreover, the distribution also does 
not contain secret correlations across C — (AB) split- 
ting. To prove this, consider the reduced distribution 
7r 2 (e) = exp [— e T (C2) _1 e] / (^^/detCi) obtained from 
distribution (p~0|) by discarding Eve's variable Xe x . Here 

e = (xa,xb,xc,xe 2 ) and CCM C2 is obtained from 
the CCM (TTT]) by dropping the fourth row and column. 
Such a distribution can be prepared by LOPC with re- 
spect to C — (AB) splitting. This can be shown using the 
separability of the state with CM Q across the splitting. 
Then, there exists a pure state CM jab © 7c such that 
72 - Iab © 7C > [II [3. The CM can be found in 
the form jab © lei where jab is the CM of the two- 
mode squeezed vacuum state that can be rearranged as 
X A b © (Xab V 1 , where 



Xab — 



_ 1 / Vy 2 + e*" 



,8r 



(12) 



The CM (0| then can be created by displacing modes 
A, B and C prepared in the state with CM jab © lc as 



x A ^ x' A = x A + w/(2y), x B -> x' B = x B - e 2r w/y, 
x c -> x'c = x c + (l - e~ 2r ) w, (13) 



n 2 (r?) = W 



-n T {x 2 )-^ 



(10) 



PA ^ PA - z/(2y),p B -> Pb - e 2r z/y and p c -> Pc + 
(l — e~ 2r ) z, where the classical displacements w and z 
are distributed according to the Gaussian distribution 
V(w, z) = exp[- (w 2 + z 2 ) /y]/(ny). 

From this the method of creation of the distribution 
7T2 by LOPC with respect to C — (AB) splitting follows. 
First, Alice and Bob privately draw two random vari- 
ables xa and xb from a Gaussian distribution with CCM 
(fT2| . They also draw a third variable xe 2 from a Gaus- 
sian distribution with variance 2 (x 2 E2 ) = y and send it to 
Clare through a public channel. She privately generates 
a random variable xc obeying a Gaussian distribution 
with variance 2(x c ) — 1 and all participants perform 
displacements (fT3"|) , where the quadrature operators are 
replaced by the corresponding classical variables and the 
displacement w is replaced by xe 2 ■ If we now calcu- 
late the CCM with elements ({e-,^-}), i,j = 1, 2, . . . , 4, 

where e' — (x' a ,x' b ,x' c ,xe 2 ) T by expressing the primed 
variables using the RHS of Eq. (fT5|) and averaging over 
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the Gaussian distribution with CCM Xab © f © y we get 
the CCM C 2 of the distribution 7r 2 . The distribution was 
created by LOPC and therefore has no secret correlations 
across C — (AB) splitting. Consequently, as Clare does 
not share secret correlations with Alice and Bob, even 
if Eve discards the part of her information contained in 
the variable x e x , there could not be secret correlations 
across the C — (AB) splitting even in the original dis- 
tribution (flO|) . Similar to the case of distribution ([9]), 
the remaining variable xe x cannot be created by LOPC 
with respect to C — (AB) splitting. Namely, it can be 
composed as 



(e^-1) 



xg 

e 1r 



XE2 

y 



XA 

2y 



e 2r x B 

y 



where the random variable \Ex is uncorrelated with the 
remaining variables and obeys a Gaussian distribution 
with variance 2(x| 1 ) = 2/ [e 2r (2e 2r - l) (e 2r - l)] . As 
with the variable xe 2 i n the first step of our protocol, the 
variable x e x contains variables belonging to both parts of 
the C — (AB) splitting and thus private communication 
across the splitting is needed to reveal the variable to 
Eve. 

We have shown that distribution (ITU1) does not contain 
secret correlations across the B — (AC) and C — (AB) 
splitting. This prevents any two parties from establish- 
ing a secret key even in the case when Alice is allowed to 
perform joint operations with either Bob or Clare. The 
distribution, however, cannot be created by LOPC as it 
contains secret correlations across the A— (BC) splitting. 
The correlations are not detected by the criterion (TTJ be- 
cause its left-hand side is negative (see Fig. [T]) but can 
be activated by allowing Bob and Clare to perform the 
following joint operation: xb,c (xb ± xc) /V%- Thus 
the CCM flTT]) transforms to CCM A 3 and the distribu- 
tion (Unj) attains the form U 3 (rj) = (n)-§ e"^ t^) -1 " . 
The presence of secret correlations can be seen from a 
part of the CCM A3 corresponding to Alice's, Bob's and 
Eve's variables that reads 
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From the CCM we can calculate the information differ- 
ences AIdr and A-Irr. arising in condition flTJ. They can 
be expressed as [HI 



A/ 



DR. 




AI 



RR 



X 2 2detX AE 
detXEdetXAB 

I X n detX be 
2 1W52 1 dctX E detX AB 



lo. 



(15) 
(16) 



where detA^detA^B = (X33A44 - A| 4 )(A > 11 A 22 
and the CCMs Xae (X B e) are obtained from the CCM 
(|14j) by dropping its second (first) row and column. The 
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FIG. 1: Information differences (|15l) (dashed curve) and (|16[) 
(solid curve); AI' RR (dotted curve) and AI' DR (dashed curve) 
for CCM jnj with respect to A - (BC) splitting. Plots of 
information differences (|15[) and AI' DR practically coincide. 



information differences are depicted in Fig. [TJ The figure 
reveals, that AIrr > for sufficiently large squeezing 
r (r > rA/ RR =o = 0.1656 as can be calculated numeri- 
cally). Therefore Alice and Bob can distill a secret key 
using the reverse reconciliation protocol 22[ . This would 
be impossible without the presence of secret correlations 
across the A — (BC) splitting in distribution (fT0|) which 
accomplishes the construction of Gaussian bound infor- 
mation. 

In conclusion, we derived a tripartite Gaussian distri- 
bution having secret correlations across only one bipar- 
tition which is an example of Gaussian bound informa- 
tion. Its secrecy properties were proved using the tools of 
Gaussian entanglement theory capable of uncovering the 
structure of secret correlations which confirms Gaussian 
CVs to be a relevant platform for their investigation. The 
present result also demonstrates an intimate link between 
entanglement and secrecy for Gaussian CVs and gives 
further evidence of the ability of quantum mechanics to 
solve classical problems. 
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